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A priori estimates for the Yamabe
problem in the non-locally conformally
flat case
Fernando C. Marques
Abstract. Given a compact Riemannian manifold (Mn, g), with
positive Yamabe quotient, not conformally diffeomorphic to the
standard sphere, we prove a priori estimates for solutions to the
Yamabe problem. We restrict ourselves to the dimensions where
the Positive Mass Theorem is known to be true, that is, when
n ≤ 7. We also show that, when n ≥ 6, the Weyl tensor has to
vanish at a point where solutions to the Yamabe equation blow up.
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1. Introduction
Let (Mn, g) be a compact Riemannian n-manifold, n ≥ 3, without
boundary. The classical Yamabe problem consists of finding a metric g˜,
conformally related to g, with constant scalar curvature onM . It can be
considered as a generalization of the classical Uniformization Theorem
on Riemann surfaces to the setting of higher dimensional manifolds.
In analytical terms, the problem is equivalent to show the existence
of a positive solution u to the equation
(1.1) ∆gu−
n− 2
4(n − 1)
Rgu+Ku
n+2
n−2 = 0 on M,
where ∆g denotes the Laplace-Beltrami operator associated with the
metric g, Rg denotes the scalar curvature of the metric g, and K is a
constant. The linear operator Lg = ∆g −
n−2
4(n−1)Rg is called the confor-
mal Laplacian of the metric g.
The solution of the Yamabe problem was an outstanding achieve-
ment since, for the first time, it was given a very satisfactory existence
theory to a nonlinear partial differential equation involving a critical
exponent. After the initial paper in 1960 by Yamabe [19], which con-
tained an error, contributions made by Trudinger [18], Aubin [1], and
finally by Schoen [15] in 1984, solved the problem completely in the
affirmative.
In this paper we shall be interested in the set of solutions to the
Yamabe problem. When the first eigenvalue of the conformal Laplacian
Lg is negative, it is not difficult to see that the solution is unique. If
this eigenvalue is zero, the equation becomes linear and then solutions
are unique up to a constant. Therefore the only interesting case left is
the positive one.
We know that when the underlying manifold is the sphere (Sn, g0),
endowed with the standard metric, M. Obata’s theorem (see [11]) clas-
sifies all solutions to the equation, and this set is noncompact in the C2
topology. On the other hand, the standard sphere is the only compact
manifold with a noncompact group of conformal diffeomorphisms, so
one should expect different behavior in the other cases.
In [13], R. Schoen proved the compactness, in the C2 topology, of
the set of solutions to the Yamabe equation, in the positive case, for
every locally conformally flat manifold not conformally diffeomorphic
to the sphere. He also suggested a strategy to prove these a priori C2,α
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estimates in the non-locally conformally flat case, based on Pohozaev-
type identities. In [9], Y. Y. Li and M. Zhu followed these lines and
proved the theorem in dimension 3, in which case standard estimates
on the blowing up solutions are sufficient for a Pohozaev identity to be
applied. The compactness result in dimensions 4 and 5 was obtained by
O. Druet in [4, 5]. Other compactness theorems for the Yamabe equa-
tion, in the locally conformally flat case, are proved in [6] for manifolds
with boundary, and in [12] for singular solutions on the sphere.
Our main result in this paper is the following a priori estimates
theorem in the general case:
Theorem 1.1. Let (Mn, g) be a smooth closed Riemannian manifold
with positive Yamabe quotient, not conformally equivalent to (Sn, g0).
Assume n ≤ 7. Then, for every ǫ > 0, there exists a positive constant
C = C(ǫ, g) so that {
1/C ≤ u ≤ C and
||u||C2,α(M) ≤ C
for every u ∈ ∪1+ǫ≤p≤n+2
n−2
Mp, where 0 < α < 1 and
Mp = {u > 0 : ∆gu−
n− 2
4(n− 1)
Rgu+Ku
p = 0 on M}.
These estimates clearly imply the compactness of the set of solutions
to the Yamabe equation in the C2 topology. We restrict ourselves to
the dimensions covered by the Positive Mass Theorem due to Schoen
and Yau [16], i.e., n ≤ 7, since the final global argument in our proof
depends essentially on this result. Due to technical problems concerning
singularities of minimizing hypersurfaces, the Positive Mass Theorem is
still not known to be true for dimensions greater than 7.
Our result will follow from a contradiction between a local restriction
coming from a Pohozaev-type identity and a global argument provided
by the Positive Mass Theorem. In order to accomplish that we will need
a careful blowup analysis of solutions, part of it inspired by the work
of C. C. Chen and C. S. Lin [3]. We introduce some new symmetry
estimates which allow us to control how close the blowing up solutions
get to some specific rotationally symmetric functions. These symmet-
ric functions will be solutions to the corresponding critical (p = n+2
n−2)
equation in Rn. Since we are also dealing with subcritical equations,
estimates on τ = n+2
n−2 − p are also given.
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We would like to point out that the symmetry estimates (Proposition
5.4), when n ≤ 5, are just as in the conformally flat case. However, when
n ≥ 6 we can no longer expect these same estimates to hold. This is
because, in general, the asymptotic expansion of the Green function for
the conformal Laplacian has additional terms (see [7]).
One important difficulty we must overcome when n ≥ 6, pointed
out by Schoen in [13], is to show conformal flatness of the metric to
a sufficiently high order at a blowup point. This is needed in order to
apply the Positive Mass Theorem when n = 6 or 7. That is the content
of our next theorem, where Wg denotes the Weyl tensor of the metric
g:
Theorem 1.2. Assume n ≥ 6 and let ui be a sequence of positive
solutions to (1.1). Suppose xi → x is a sequence of points such that
ui(xi)→∞ as i→∞. Then
Wg(x) = 0.
In general one should expect, as indicated by Schoen in [14], that
at a blowup point x we must have :
∇kWg(x) = 0
for all 0 ≤ k ≤ n−62 . The proof of Theorem 1.2 also relies upon the
symmetry estimates and a Pohozaev-type identity.
It is not difficult to check that the Theorem 1.1 implies the existence
of a solution to the Yamabe problem. This is because solutions ui to
the subcritical equations, with pi →
n+2
n−2 as i→∞, can be constructed
by standard variational methods. Actually one can say more. Another
consequence of the compactness theorem is the computation of the total
Leray-Schauder degree of all solutions to equation (1.1):
Theorem 1.3. Let (Mn, g) be a smooth closed Riemannian manifold
with positive Yamabe quotient, not conformally equivalent to (Sn, g0),
4 ≤ n ≤ 7. Then, if Λ is sufficiently large,
deg(F,ΩΛ, 0) = −1,
where F (u) = u+ L−1g (E(u)u
n+2
n−2 ), E(u) = −
∫
M
uLg(u)dvg and
ΩΛ = {u ∈ C
2,α(M) : min
M
u > Λ−1, ||u||2,α < Λ}.
This theorem follows from Theorem 1.1 and arguments given by
Schoen in [13].
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2. A Pohozaev-type identity
In this section we will establish a Pohozaev-type identity which will
be very useful in the subsequent blowup analysis.
Suppose u : Bρ(0) \ {0} ⊂ R
n → R is a positive C2 solution to the
equation
(2.1) aij(x)∂iju+ b
i(x)∂iu+ c(x)u +K(x)u
p = 0,
where p 6= −1, K ∈ C1 and aij , bi, c are continuous functions, 1 ≤ i, j ≤
n. Here we are using the summation convention.
Define
P (r, u) =(2.2)∫
|x|=r
(
n− 2
2
u
∂u
∂r
−
|x|
2
|∇u|2 + |x||
∂u
∂r
|2 +
1
p+ 1
K(x)|x|up+1)dσ(r),
whenever 0 < r < ρ.
The following lemma gives the Pohozaev-type identity we are inter-
ested in.
Lemma 2.1. Given 0 < s ≤ r < ρ,
P (r, u)− P (s, u) = −
∫
s≤|x|≤r
(xk∂ku+
n− 2
2
u)A(u)dx
+
1
p+ 1
∫
s≤|x|≤r
(xk∂kK(x))u
p+1dx
+(
n
p+ 1
−
n− 2
2
)
∫
s≤|x|≤r
K(x)up+1dx,
where A(u) = (aij − δij)∂iju+ b
i∂iu+ cu.
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Proof. Multiplying the equation (2.1) by xk∂ku, and integrating
over the set {x : s ≤ |x| ≤ r}, we obtain
(2.3)
∫
s≤|x|≤r
(xk∂ku)(∆u+A(u) +K(x)u
p)dx = 0.
Integration by parts gives:∫
s≤|x|≤r
(xk∂ku)∂iiudx =
−
∫
s≤|x|≤r
(δki ∂ku∂iu+
1
2
xk∂k[(∂iu)
2])dx
+
1
r
∫
|x|=r
(xk∂ku)(xi∂iu)−
1
s
∫
|x|=s
(xk∂ku)(xi∂iu) =
−
∫
s≤|x|≤r
(δki ∂ku∂iu−
n
2
(∂iu)
2)dx−
r
2
∫
|x|=r
(∂iu)
2 +
s
2
∫
|x|=s
(∂iu)
2
+
1
r
∫
|x|=r
(xk∂ku)(xi∂iu)−
1
s
∫
|x|=s
(xk∂ku)(xi∂iu),
and summing over i = 1, . . . , n, we obtain∫
s≤|x|≤r
(xk∂ku)∆udx =
n− 2
2
∫
s≤|x|≤r
|∇u|2dx−
r
2
∫
|x|=r
|∇u|2 +
s
2
∫
|x|=s
|∇u|2
+r
∫
|x|=r
(
∂u
∂r
)2 − s
∫
|x|=s
(
∂u
∂r
)2.(2.4)
Also∫
s≤|x|≤r
(xk∂ku)K(x)u
pdx =
1
p+ 1
∫
s≤|x|≤r
xk∂k(u
p+1)K(x)dx =
−
n
p+ 1
∫
s≤|x|≤r
K(x)up+1dx−
1
p+ 1
∫
s≤|x|≤r
(xk∂kK(x))u
p+1dx
+
r
p+ 1
∫
|x|=r
K(x)up+1 −
s
p+ 1
∫
|x|=s
K(x)up+1.(2.5)
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On the other hand, multiplying the equation (2.1) by u, and once
again integrating by parts, we get∫
s≤|x|≤r
|∇u|2dx =∫
s≤|x|≤r
(uA(u) +K(x)up+1)dx+
∫
|x|=r
u
∂u
∂r
−
∫
|x|=s
u
∂u
∂r
.(2.6)
Now we substitute equalities (2.4), (2.5) and equality (2.6) in equal-
ity (2.3) and the Pohozaev identity follows by rearranging terms. q.e.d.
When u is a solution to the equation (2.1) in the entire ball, by
taking the limit as s→ 0 we get
P (r, u) = −
∫
|x|≤r
(xk∂ku+
n− 2
2
u)A(u)dx(2.7)
+
1
p+ 1
∫
|x|≤r
(xk∂kK(x))u
p+1dx+
(
n
p+ 1
−
n− 2
2
)
∫
|x|≤r
K(x)up+1dx.
Integrating by parts once more, we can also get
P (r, u) = −
∫
|x|≤r
(xk∂ku+
n− 2
2
u)((aij − δij)∂iju+ b
i∂iu)dx(2.8)
+
∫
|x|≤r
(
1
2
xk∂kc+ c)u
2dx−
r
2
∫
|x|=r
cu2dσ(r)
+
1
p+ 1
∫
|x|≤r
(xk∂kK(x))u
p+1dx
+(
n
p+ 1
−
n− 2
2
)
∫
|x|≤r
K(x)up+1dx.
3. Conformal scalar curvature equation
In this section we will introduce the partial differential equation we
are interested in, and we shall discuss some of its properties related to
conformal deformation of metrics.
Let Ω ∈ Rn be an open set, and suppose g is a Riemannian metric
in Ω. Suppose also f is a positive C1 function defined in Ω.
Consider a positive C2 function u satisfying
(3.1) ∆gu− c(n)Rgu+Kf
−τup = 0 in Ω,
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where c(n) = n−24(n−1) , K = n(n − 2), 1 < p ≤
n+2
n−2 and τ =
n+2
n−2 − p.
We will use the notation Rg for the scalar curvature of g. The operator
Lg = ∆g − c(n)Rg is called the conformal Laplacian of the metric g.
When p = n+2
n−2 , this partial differential equation is intimately re-
lated to conformal geometry, particularly when one studies conformally
related metrics with constant scalar curvature. More specifically, given
a positive solution u, the metric u
4
n−2 g has constant scalar curvature
equal to 4n(n− 1).
Now let us describe an important feature of solutions to that type
of equation. Let u be a solution to equation (3.1) and choose x ∈ Ω.
Given s > 0, define the renormalized function
v(y) = s
2
p−1u(exp x(sy)).
Then
Lhv +Kf˜
−τvp = 0,
where f˜(y) = f(sy) and the components of the metric h in normal
coordinates are given by hkl(y) = gkl(sy). The important point here is
that v satisfies an equation of the same type.
The equation is also conformally invariant in the following sense.
Suppose g˜ = φ
4
n−2 g is a metric conformal to g. Let us recall
(3.2) Lg˜(φ
−1u) = φ−
n+2
n−2Lg(u)
for any function u, and
(3.3) Rg˜ = −c(n)
−1φ−
n+2
n−2Lg(φ).
(See [7]).
Therefore, if u is a solution to (3.1), then φ−1u satisfies
Lg˜(φ
−1u) +K(φf)−τ (φ−1u)p = 0,
which is again an equation of the same type.
This will have very important consequences in what follows. We
will study sequences of solutions ui to equation (3.1). When what we
want to study is conformally invariant, we are allowed to replace ui by
another sequence of functions vi = φ
−1
i ui, at the same time replacing
the metric gi by g˜i = φ
4
n−2
i gi, as long as we have a uniform control on
the conformal factors φi. In this paper, there will be two examples of
such a procedure.
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First, we can suppose the metric gi has positive scalar curvature in
a small ball centered at some fixed point xi. To see this, fix σ > 0 small
and let φ be the first eigenfunction of ∆g with respect to the Dirichlet
condition:
(3.4)
{
∆gφ+ λ1φ = 0 in B2σ(x)
φ = 0 on ∂B2σ(x).
Recall that the corresponding eigenspace is one-dimensional and we
can choose φ > 0 on B2σ(x). Now, since λ1 → ∞ as σ → 0, we can
choose σ small enough so that
∆gφ− c(n)Rgφ < 0
in Bσ(x). Defining g˜ = φ
4
n−2 g, relation (3.3) implies Rg˜ > 0 in Bσ(x).
Moreover, if we take as a conformal factor the solution ψ to:
(3.5)
{
∆gψ − c(n)Rgψ = 0 in Bσ(x)
ψ = 1 on ∂Bσ(x),
we can also have Rg˜ = 0.
The second example is related to the so-called conformal normal
coordinates. (See [7]). Given an integer N ≥ 2, there exists a positive
function φ (which can be constructed explicitly), such that, setting g˜ =
φ
4
n−2 g, the volume element satisfies:
det(g˜ij) = 1 +O(r
N ),
in g˜-normal coordinates around x, where r = dg˜(x, ·). This allows us
to simplify the local asymptotic analysis. For example, in conformal
normal coordinates around x, Rg˜ = O(r
2) and ∆Rg˜(x) = −
1
6 |Wg˜(x)|
2,
where W stands for the Weyl tensor.
4. Isolated and isolated simple blowup points
In this section we will define isolated and isolated simple blowup
points and we shall discuss their basic properties. The results in this
section are well-known in the locally conformally flat setting ([8], [17])
and in general when n = 3 ([9]). We will slightly modify their proofs in
[9] to make them work in any dimension.
Let Ω ⊂ Rn be an open set, and suppose gi is a sequence of Rie-
mannian metrics in Ω converging, in the C2loc topology, to a metric g.
Suppose also that fi is a sequence of positive C
1 functions converging
in the C1loc topology to a positive function f .
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We will consider a sequence ui of positive C
2 functions satisfying
(4.1) Lgiui +Kf
−τi
i u
pi
i = 0 in Ω,
where c(n) = n−24(n−1) , K = n(n − 2), 1 + ǫ0 < pi ≤
n+2
n−2 for some ǫ0 > 0
and τi =
n+2
n−2 − pi.
We will sometimes omit the subscript i, for the sake of simplicity,
and we will use the symbols c, C to denote various positive constants.
Definition 4.1. We say that x ∈ Ω is an isolated blowup point for
ui if there exists a sequence xi ∈ Ω, converging to x, so that:
(1) xi is a local maximum point of ui;
(2) Mi := ui(xi)→∞ as i→∞;
(3) there exist r, C > 0 such that
(4.2) ui(x) ≤ Cdgi(x, xi)
− 2
pi−1
for every x ∈ Br(xi) ⊂ Ω. Here Br(xi) denotes the geodesic ball of
radius r, centered at xi, with respect to the metric gi.
Remark: In various parts of the text, we will identify xi with the
origin, that meaning we are making use of normal coordinates in a small
ball around xi. More precisely, we will sometimes write ui(x) instead
of ui(expxi(x)) and |x| instead of dgi(x, xi), and those functions will be
defined in balls centered at 0.
Note that the definition of isolated blowup points is invariant under
renormalization, which was described in the last section. This follows
from the fact that, if v(y) = s
2
pi−1u(sy), then
u(x) ≤ C|x|
− 2
pi−1 ⇔ v(y) ≤ C|y|
− 2
pi−1 .
The first result concerning isolated blowup points is the following
Harnack inequality.
Proposition 4.2. Suppose that ui is a sequence of positive functions
satisfying equation (4.1) and assume xi → x is an isolated blowup point.
Then there exists a constant C > 0 such that
max
s
2
≤dgi (x,xi)≤2s
ui(x) ≤ C min
s
2
≤dgi (x,xi)≤2s
ui(x),
where 0 < s < r3 .
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Proof. Let (x1, . . . , xn) be normal coordinates with respect to the
metric gi on the ball Br(xi). (See remark after Definition 4.1).
Define
vi(y) = s
2
pi−1ui(sy),
where |y| < 3.
Then, as discussed in the last section,
Lhivi(y) +Kf˜i
−τi
vpii (y) = 0,
where f˜i(y) = fi(sy) and (hi)kl(y) = (gi)kl(sy), and we also know that
vi(y) ≤ C|y|
− 2
pi−1 ,
whenever |y| < 3.
It follows from this last inequality that vi is uniformly bounded in
compact subsets of B3(0)\{0}. The Harnack inequality for elliptic linear
equations then implies that there exists C > 0 such that
max
1
2
≤|y|≤2
vi(y) ≤ C min
1
2
≤|y|≤2
vi(y).
The result now follows directly. q.e.d.
The Proposition 4.2 clearly implies the so-called spherical Harnack
inequality for isolated blowup points. Namely, given 0 < s ≤ 23r, there
exists a positive constant C, not depending on s, such that
(4.3) max
dgi (x,xi)=s
ui(x) ≤ C min
dgi (x,xi)=s
ui(x).
Define U0(y) = (1 + |y|
2)
2−n
2 . It is not difficult to check that
∆U0(y) +KU
n+2
n−2
0 (y) = 0.
The next proposition says that, in the case of an isolated blowup
point, the functions ui, when renormalized, converge in the C
2 topology
to the rotationally symmetric function U0.
Proposition 4.3. Let ui be a sequence of positive functions satisfy-
ing the equation (4.1) and xi → x be an isolated blowup point. Assume
that Ri →∞ and ǫi → 0 are given. Then pi →
n+2
n−2 and, after possibly
passing to a subsequence,
(4.4) ||M−1i ui(M
−
pi−1
2
i y)− U0(y)||C2(BRi (0))
≤ ǫi
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and
Ri
logMi
→ 0 as i→∞.
Here Mi is as in Definition 4.1.
Proof. Let (x1, . . . , xn) be normal coordinates with respect to the
metric gi on the ball Br(xi). (See first remark after Definition 4.1).
Define
vi(y) =M
−1
i ui(M
−
pi−1
2
i y)
for |y| < rM
pi−1
2
i . Here r is as in Definition 4.1.
Then
Lhivi(y) +Kf˜i
−τi
vpii (y) = 0,
where f˜i(y) = fi(M
−
pi−1
2
i y) and (hi)kl(y) = (gi)kl(M
−
pi−1
2
i y).
Note also that
(4.5)
{
vi(0) = 1,∇vi(0) = 0
0 < vi(y) ≤ C|y|
− 2
pi−1 for |y| < rM
pi−1
2
i .
Claim: There exists C > 0 such that vi(y) ≤ C, whenever |y| <
rM
pi−1
2
i .
Proof of Claim: From properties (4.5), we get
(4.6) vi(y) ≤ C,
if 1 ≤ |y| ≤ rM
pi−1
2
i .
Now, from what was discussed in the previous section, up to a con-
formal deformation we can suppose our metrics have zero scalar curva-
ture in small balls. In particular their conformal Laplacians will satisfy
the maximum principle. This implies there exists C > 0 so that
min
|y|≤r
vi(y) ≥ C
−1 min
|y|=r
vi(y) ∀ i,
and 0 < r ≤ 1. The spherical Harnack inequality (4.3) implies
max
|y|=r
vi(y) ≤ C min
|y|=r
vi(y) ≤ C min
|y|≤r
vi(y)
≤ Cvi(0) = C,(4.7)
for 0 < r ≤ 1. This and inequality (4.6) imply the claim.
4. ISOLATED AND ISOLATED SIMPLE BLOWUP POINTS 15
Standard elliptic estimates now imply that, after passing to a sub-
sequence, vi → v > 0 in C
2
loc(R
n), where
(4.8)
{
∆v(y) +Kvp(y) = 0, y ∈ Rn
v(0) = 1, ∇v(0) = 0,
where p = limi→∞ pi. Here ∆ denotes the Euclidean Laplacian.
A well-known theorem by Caffarelli, Gidas and Spruck [2], states
that we necessarily have p = n+2
n−2 and v(y) = U0(y).
The Proposition now follows easily. q.e.d.
Now let us introduce the notion of an isolated simple blowup point.
Suppose ui is a sequence of positive functions satisfying equation
(4.1) and xi → x is an isolated blowup point. Define
ui(r) =
1
σn−1rn−1
∫
∂Br(xi)
uidσ(r),
where σn−1 denotes the area of a unit sphere in R
n. We are using
gi-normal coordinates and integrating with respect to the Euclidean
volume form.
Definition 4.4. We say xi → x is an isolated simple blowup point
if there exists a real number 0 < ρ < r such that the functions
uˆi(r) = r
2
pi−1ui(r)
have exactly one critical point in the interval (0, ρ), for i large.
It is not difficult to see that Proposition 4.3 implies that uˆi has
exactly one critical point in the interval (0, Riui(xi)
−
pi−1
2 ). Moreover
its derivative is negative right after the critical point. As a result, if the
blowup is isolated simple, then
uˆ′i(r) < 0
for all RiM
−
pi−1
2
i ≤ r < ρ.
Now we turn to the first estimate on isolated simple blowup points.
Proposition 4.5. Let ui be a sequence of positive functions satisfy-
ing equation (4.1) and xi → x be an isolated simple blowup point. Then
there exists a constant C > 0 and 0 < ρ1 < ρ such that, for each i,
(4.9) Miui(x) ≤ Cdgi(x, xi)
2−n,
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whenever dgi(x, xi) ≤ ρ1. Moreover, if RiM
−
pi−1
2
i ≤ dgi(x, xi) ≤ ρ1,
then
(4.10) Miui(x) ≥ C
−1Gi(xi, x),
where Gi is the Green function of Lgi with respect to the Dirichlet bound-
ary condition on Bρ1(xi).
Proof. We first need a slightly different estimate.
Let δ > 0, and define λi = (n− 2− δ)
pi−1
2 − 1.
Let us apply the Proposition 4.3 to some Ri →∞ and 0 < ǫi < e
−Ri .
Claim 1: If δ is sufficiently small, there exist constants 0 < ρ1 < ρ
and C > 0 such that
Mλii ui(x) ≤ Cd(x, xi)
2−n+δ,(4.11)
Mλii |∇ui(x)| ≤ Cd(x, xi)
1−n+δ,(4.12)
Mλii |∇
2ui(x)| ≤ Cd(x, xi)
−n+δ,(4.13)
for every x so that RiM
−
pi−1
2
i ≤ d(x, xi) ≤ ρ1.
The proof of Claim 1 is analogous to the proof of the Lemma 3.3 in
[9].
Remark: It is not difficult to see that the previous estimates imply
(4.14)


vi(y) ≤ CM
δ
pi−1
2
i (1 + |y|)
2−n,
|∇vi(y)| ≤ CM
δ
pi−1
2
i (1 + |y|)
1−n,
|∇2vi(y)| ≤ CM
δ
pi−1
2
i (1 + |y|)
−n
for any |y| ≤ ρ1M
pi−1
2
i .
Let us now estimate τi.
Claim 2: There exists C > 0 such that
τi ≤
{
CM
(−1+δ) 4
n−2
+o(1)
i if n > 4,
CM
(−1+δ)2+o(1)
i logMi if n = 4,
and, in particular, M τii → 1 as i→∞.
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Proof of Claim 2: We will apply the Pohozaev identity (2.7) from
Section 2 to ui on the ball of radius
ρ1
2 :
P (
ρ1
2
, ui) = −
∫
|x|≤
ρ1
2
(xm∂mui +
n− 2
2
ui)Ai(x)dx
+(
n
pi + 1
−
n− 2
2
)
∫
|x|≤
ρ1
2
Kf−τii u
pi+1
i dx
−
τi
pi + 1
∫
|x|≤
ρ1
2
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx,(4.15)
where
Ai(x) = (g
kl − δkl)(x)∂klui(x)
+(∂kg
kl + |g|−
1
2∂k(|g|
1
2 )gkl)(x)∂lui(x)− c(n)Rg(x)ui(x)
and recall
P (
ρ1
2
, ui) =
∫
|x|=
ρ1
2
(
n− 2
2
ui
∂ui
∂r
−
|x|
2
|∇ui|
2 + |x||
∂ui
∂r
|2)dσ
+
1
pi + 1
∫
|x|=
ρ1
2
Kf−τii |x|u
pi+1
i dσ.
From Claim 1 we get
(4.16) |P (
ρ1
2
, ui)| ≤ cM
−2λi
i .
Define
Aˆi(y) = (g
kl − δkl)(M
−
pi−1
2
i y)∂klvi
+M
−
pi−1
2
i (∂kg
kl + |g|−
1
2 ∂k(|g|
1
2 )gkl)(M
−
pi−1
2
i y)∂lvi
−c(n)M
−(pi−1)
i Rg(M
−
pi−1
2
i y)vi.(4.17)
The change of variables y =M
pi−1
2 x, the inequalities (4.14) and the
fact that the metric is euclidean up to first order in normal coordinates
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yield
|
∫
|x|≤
ρ1
2
(xm∂mui +
n− 2
2
ui)Ai(x)dx|
=M
p 2−n
2
i M
n+2
2
i |
∫
|y|≤
ρ1
2
M
pi−1
2
(ym∂mvi +
n− 2
2
vi)Aˆi(y)dy|
≤ CM
p 2−n
2
i M
n+2
2
i M
−(pi−1)
i M
δ(pi−1)
i
∫
|y|≤
ρ1
2
M
pi−1
2
(1 + |y|)4−2ndy
≤
{
CM
(−1+δ) 4
n−2
+o(1)
i if n > 4,
CM
(−1+δ)2+o(1)
i logMi if n = 4.
(4.18)
Therefore, from the inequalities (4.16) and (4.18) and the identity
(4.15),
(n− 2)τi
2(pi + 1)
∫
|x|≤
ρ1
2
Kf−τii ui(x)
pi+1dx
−
τi
pi + 1
∫
|x|≤
ρ1
2
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx
≤
{
CM
(−1+δ) 4
n−2
+o(1)
i if n > 4,
CM
(−1+δ)2+o(1)
i logMi if n = 4.
(4.19)
Since, from the Proposition 4.3,∫
|x|≤RiM
−
pi−1
2
i
ui(x)
pi+1dx ≥ c > 0,
we conclude that if we choose ρ1 sufficiently small, then
n− 2
2
∫
|x|≤
ρ1
2
Kf−τii ui(x)
pi+1dx
−
∫
|x|≤
ρ1
2
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx ≥ c > 0.(4.20)
The result follows immediately from the inequalities (4.19).
Claim 3: Given a small σ > 0, there exists a constant C > 0 such
that ∫
Bσ(xi)
upii (x)dx ≤ CM
−1
i .
Proof of Claim 3: Set si = RiM
−
pi−1
2
i .
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First note that, changing variables, and then using vi(y) ≤ cU0(y)
for |y| ≤ Ri, we get
(4.21)
∫
|x|≤si
upii (x)dx =M
−
(pi−1)n
2
i M
pi
i
∫
|y|≤Ri
vpii (y)dy ≤ CM
−1
i .
On the other hand, by Claim 1,∫
si≤|x|≤σ
upii (x)dx ≤ CM
−λipi
i
∫
si≤|x|≤σ
|x|(2−n+δ)pidx
≤ CM−λipii s
(2−n+δ)pi+n
i ≤ o(1)M
−1
i .(4.22)
Claim 3 now follows from inequalities (4.21) and (4.22).
Claim 4: There exists σ1 > 0 such that for all 0 < σ < σ1, there
exists a constant C = C(σ) with, for every i,
ui(xi)ui(x) ≤ C(σ)
if d(x, xi) = σ.
Proof of Claim 4: From the discussion in Section 3, if we choose
σ1 > 0 small, we can suppose that Rgi ≥ 0.
Choose 0 < σ < σ1 small and define
wi(x) = ui(xσ)
−1ui(x),
where xσ is chosen so that d(xσ, xi) = σ. Note that
Lgiwi +Kui(xσ)
pi−1f−τii w
pi
i = 0.
The Harnack inequality implies that, for every ǫ > 0, there exists a
constant Cǫ > 0 such that
C−1ǫ ≤ wi(x) ≤ Cǫ
if d(x, x) > ǫ. From Claim 1 we know that ui(xσ)
pi−1 → 0 as i → ∞,
and then standard elliptic theory shows that, after maybe passing to a
subsequence,
wi → w in C
2
loc(Bσ(x)),
and w satisfies
Lgw = 0, w > 0.
Since the blowup is isolated simple, the function uˆi(r) is decreasing
in the interval (RiM
−
pi−1
2
i , ρ). Taking the limit, we conclude that wˆ(r)
is decreasing in the whole interval (0, ρ).
As a consequence, w is singular at the origin.
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It follows from the results contained in the appendix in [9] that
(4.23) −
∫
Bη(xi)
∆giwi = −
∫
∂Bη(xi)
∂wi
∂ν
= −
∫
∂Bη(x)
∂w
∂ν
+o(1) > c > 0
for each i, where η > 0 is sufficiently small.
On the other hand,
−
∫
Bη(xi)
∆giwi =
∫
Bη(xi)
[Kui(xσ)
−1f−τii u
pi
i − c(n)Rgiwi]
≤ K
∫
Bη(xi)
ui(xσ)
−1f−τii u
pi
i ≤ cui(xσ)
−1M−1i .(4.24)
Here we have used Claim 3. Claim 4 now follows from inequalities
(4.23) and (4.24).
Now we are ready to prove Proposition 4.5.
Suppose the inequality (4.9) is not true. Then there exists a se-
quence x˜i, with d(x˜i, xi) ≤
ρ1
2 , ρ1 small, such that
(4.25) ui(x˜i)ui(xi)d(x˜i, xi)
n−2 →∞
as i→∞.
Then, from Proposition 4.3, Riui(xi)
−
pi−1
2 ≤ r˜i ≤
ρ1
2 , where r˜i =
d(x˜i, xi). Define
v˜i(y) = r˜
2
pi−1
i ui(r˜iy), |y| < 2.
Now it is not difficult to see that the origin is an isolated simple
blowup point for v˜i, and Claim 4 implies, together with the Harnack
inequality,
max
|y|=1
v˜i(0)v˜i(y) ≤ C.
This contradicts the limit in (4.25) and we finish the proof of inequality
(4.9).
For the proof of inequality (4.10), recall that the Green function al-
ways exists when ρ1 is sufficiently small. Now observe that the inequal-
ity holds where dgi(x, xi) = RiM
−
pi−1
2
i because Gi(xi, x) = O(r
2−n) and
where dgi(x, xi) = ρ1 because the Green function vanishes in this case
and we are dealing with positive functions. Since
Lgi(ui(xi)ui) ≤ 0 = LgiGi,
we can apply the maximum principle on the region {x : RiM
−
pi−1
2
i ≤
dgi(x, xi) ≤ ρ1} to get the desired inequality. q.e.d.
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Corollary 4.6. Under the hypotheses of Proposition 4.5, after
maybe passing to a subsequence,
Miui(x)→ h in C
2
loc(Bρ1(x) \ {x}),
where h is a positive solution to the linear equation Lg(h) = 0, with a
nonremovable singularity at x. (Here g stands for the limit metric.)
Proof. Observe that the function Miui(x) satisfies
Lgi(Miui(x)) +KM
1−pi
i f
−τi
i (x)(Miui(x))
pi = 0.
The previous Proposition impliesMiui(x) is uniformly bounded in com-
pact sets contained in Bρ1(x)\{x}, and then standard elliptic estimates
show that, after extracting a subsequence,Miui(x)→ h in C
2
loc(Bρ1(x)\
{x}). Since Mi →∞, Lgh = 0.
Because of inequality (4.10), taking the limit, one sees that h is
singular. This finishes the proof.
q.e.d.
5. Symmetry estimates
In this section we will estimate the difference between solutions to
our equation and standard symmetric functions, which will be solutions
to the corresponding critical equation in the Euclidean setting.
The next lemma gives us an estimate on |vi−U0|, depending on Mi
and τi =
n+2
n−2−pi. This is the first step towards the symmetry estimates,
not depending on τi, we will prove later.
Lemma 5.1. Let ui be a sequence of positive functions satisfying
equation (4.1) and xi → x be an isolated simple blowup point. Then
there exists δ > 0 such that
|vi(y)− U0(y)| ≤ C


max{M−2i , τi} if n = 4, 5,
max{(logMi)M
−2
i , τi} if n = 6,
max{M−2i M
2(n−6)
n−2
i , τi} if n ≥ 7,
for |y| ≤ δM
pi−1
2
i , where τi =
n+2
n−2 − pi.
Proof. Set li = δM
pi−1
2
i , and Λi = max|y|≤li |vi − U0| = vi(yi) −
U0(yi), for a certain |yi| ≤ li.
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We observe that if there exists a constant c > 0 such that |yi| ≥ cli
for every i, then inequality vi ≤ cU0 automatically implies the stronger
inequality
|(vi − U0)(y)| ≤ CM
−2
i ,
since
Λi = |vi − U0|(yi) ≤ C|yi|
2−n ≤ Cl2−ni ≤ CM
−2
i .
So for large i we will have |yi| ≤
li
2 . We are using that M
τi
i → 1 as
i→∞.
Define
wi(y) = Λ
−1
i (vi(y)− U0(y)).
Then wi satisfies
Lhiwi + biwi = Qi(y),
where
bi(y) = Kf˜
−τi
i
vpii − U
pi
0
vi − U0
(y),
and
Qi(y) = Λ
−1
i {c(n)M
−(pi−1)
i Rgi(M
−
pi−1
2
i y)U0(y)(5.1)
+M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2 +K(U
n+2
n−2
0 − f˜
−τi
i U
pi
0 )},
where f˜i(y) = fi(M
−
pi−1
2
i y), (hi)kl(y) = (gi)kl(M
−
pi−1
2
i y) and O(|y|
N )
comes from the expansion of the volume element in conformal normal
coordinates and N is as big as we want.
Since the blowup is isolated simple, from inequality vi ≤ cU0, it is
easy to check, for example,
(5.2) bi(y) ≤ c(1 + |y|)
−3
for |y| ≤ li.
We will choose δ small enough to guarantee the existence of the
Green’s function for the conformal Laplacian on a ball of radius δ , with
respect to a Dirichlet boundary condition.
The Green’s representation formula gives
(5.3)
wi(y) =
∫
Bi
Gi,L(y, η)(bi(η)wi(η) −Qi(η))dη −
∫
∂Bi
∂Gi,L
∂ν
(y, η)wi(η)ds
where Bi stands for Bli(0) and Gi,L is the Green function of Lhi in Bi.
We will need the following lemma proved in [3]:
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Lemma 5.2. Suppose w is a solution to the equation
(5.4) ∆w + n(n+ 2)U
4
n−2
0 w = 0 in R
n.
If lim|y|→∞w(y) = 0, then there exist constants c0, c1, . . . , cn such that
w(y) = c0(
n− 2
2
U0 + y · ∇U0) +
n∑
j=1
cj
∂U0
∂yj
.
Remark: The functions n−22 U0+ y ·∇U0 and
∂U0
∂yj
, j = 1, . . . , n, are
solutions to the equation (5.4).
The proof of the Lemma 5.1 is by contradiction. Set
(5.5) ti =


M−2i if n = 4, 5,
(logMi)M
−2
i if n = 6,
M−2i M
2(n−6)
n−2
i if n ≥ 7.
If the proposition is false, we necessarily have
Λ−1i max{ti, τi} → 0
as i→∞, which implies that
Λ−1i ti → 0, Λ
−1
i τi → 0.
Since R = O(r2) in conformal normal coordinates, we can get the
following estimate:
|Qi(y)| ≤ cΛ
−1
i {M
− 8
n−2
i |y|
2(1 + |y|)2−n
+ M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2
+ τi(| logU0|+ | log f˜i|)(1 + |y|)
−n−2}.(5.6)
Using the estimates (5.2) and (5.6), we get from the Green’s repre-
sentation formula (5.3) that wi is bounded in C
2
loc, and
(5.7) |wi(y)| ≤ c[(1 + |y|)
−1 + cΛ−1i ti]
for |y| ≤ δ2M
pi−1
2
i . We are using that |wi(y)| ≤ CΛ
−1
i M
−2
i when |y| =
δ
2M
pi−1
2
i , and also that |Gi,L(y, η)| ≤ C|y − η|
2−n for |y| ≤ li2 .
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Then, by standard elliptic estimates, there exists a subsequence, also
denoted wi, converging to w satisfying{
∆w + n(n+ 2)U
4
n−2
0 (y)w = 0 in R
n,
|w(y)| ≤ c(1 + |y|)−1.
So, the Lemma 5.2 implies that
w(y) = c0(
n− 2
2
U0 + y · ∇U0) +
n∑
j=1
cj
∂U0
∂yj
.
The conditions w(0) = ∂w
∂yj
(0) = 0 show that cj = 0 for every j, in other
words, w(y) ≡ 0. From here we conclude that |yi| → ∞ as i→∞.
This contradicts the estimate (5.7) since wi(yi) = 1 and Λ
−1
i ti → 0,
and this finishes the proof. q.e.d.
In the next lemma, we estimate τi. This result and the Lemma 5.1
give us an estimate on |vi − U0| independent of τi.
Lemma 5.3. Under the same hypotheses in Lemma 5.1,
τi ≤ C


M−2i if n = 4, 5,
(logMi)M
−2
i if n = 6,
M−2i M
2(n−6)
n−2
i if n ≥ 7.
Proof. The proof will be again by contradiction and recall the
definition (5.5). If the lemma is not true, then Lemma 5.1 implies that
|vi(y)− U0(y)| ≤ Cτi.
Define
wi(y) = τ
−1
i (vi − U0)(y),
so wi is uniformly bounded. The equation satisfied by wi is
Lhiwi + biwi = Q˜i(y),
where
bi(y) = Kf˜
−τi
i
vpii − U
pi
0
vi − U0
(y)
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and
Q˜i(y) = τ
−1
i {c(n)M
−(pi−1)
i Rgi(M
− p−1
2
i y)U0(y)
+ M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2
+ K(U
n+2
n−2
0 − f˜
−τi
i U
pi
0 )}.(5.8)
If the lemma is not true, then τ−1i ti → 0 as i→∞.
We have
|Q˜i(y)| ≤ cτ
−1
i {M
− 8
n−2
i |y|
2(1 + |y|)2−n
+ M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2
+ τi(| logU0|+ | log f˜i|)(1 + |y|)
−n−2}.(5.9)
By elliptic linear theory we can suppose wi → w in compact subsets.
If ψ(y) = n−22 U0(y) + y · ∇U0(y), then,∫
|y|≤
li
2
ψ(y)τ−1i (M
− 8
n−2
i |y|
2(1 + |y|)2−n
+M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2 )→ 0.(5.10)
Note that when i→∞ we have:
τ−1i K(U
n+2
n−2
0 − f˜
−τi
i U
pi
0 )→ K(logU0(y) + log f(x))U
n+2
n−2
0
pointwise. It is not difficult to check that∫
Rn
ψ(y)U
n+2
n−2
0 (y)dy = 0.
Therefore we can conclude
lim
i→∞
∫
|y|≤
li
2
ψ(y)Q˜i(y)dy = n(n− 2)
∫
Rn
ψ(y)(logU0(y))U
n+2
n−2
0 (y)dy.
On the other hand, integration by parts shows that∫
|y|≤
li
2
ψ(y)Q˜i(y)dy =
∫
|y|≤
li
2
ψ(y)(Lhiwi + biwi)dy
=
∫
|y|≤
li
2
(Lhiψ(y) + biψ)widy +
∫
|y|=
li
2
(ψ
∂wi
∂r
− wi
∂ψ
∂r
)dσ.(5.11)
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The integral on the boundary goes to zero when i→∞ because{
|ψ| = O(r2−n), |∇ψ| = O(r1−n)
|wi(
li
2 )| ≤ cτ
−1
i M
−2
i , |∇wi(
li
2 )| ≤ cτ
−1
i M
−2
i l
−1
i .
Taking the limit when i→∞, we would have
lim
i→∞
∫
|y|≤
li
2
ψ(y)Q˜i(y)dy =
∫
Rn
(∆ψ(y) + n(n+ 2)U
4
n−2
0 ψ)wdy = 0
because ∆ψ(y) + n(n+ 2)U
4
n−2
0 ψ = 0.
This is a contradiction because
(5.12) n(n− 2)
∫
Rn
ψ(y)(logU0(y))U
n+2
n−2
0 (y)dy > 0.
To see this, first note that
ψ(y) =
n− 2
2
1− r2
(1 + r2)
n
2
.
Observe that∫
Rn
ψ(y)(logU0(y))U
n+2
n−2
0 (y)dy =
−
(n− 2)2
4
σn−1
∫ ∞
0
1− r2
(1 + r2)n+1
rn−1 log(1 + r2)dr,(5.13)
and after changing variables r = s−1, we get∫ ∞
0
1− r2
(1 + r2)n+1
rn−1 log(1 + r2)dr = 2
∫ ∞
1
1− r2
(1 + r2)n+1
rn−1 log rdr.
Now inequality (5.12) follows immediately, and that finishes the proof
of the lemma. q.e.d.
The Lemmas 5.1 and 5.3 together imply our symmetry estimate:
Proposition 5.4. Let ui be a sequence of positive functions satisfy-
ing equation (4.1) and xi → x be an isolated simple blowup point. Then
there exists δ > 0 such that
(5.14) |vi(y)− U0(y)| ≤ C


M−2i if n = 4 or 5,
(logMi)M
−2
i if n = 6,
M−2i M
2(n−6)
n−2
i if n ≥ 7
for |y| ≤ δM
pi−1
2
i .
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When n ≥ 6, by applying the same technique we can also get:
Proposition 5.5. Let ui be a sequence of positive functions satisfy-
ing equation (4.1) and xi → x be an isolated simple blowup point. Then
(5.15) |vi(y)− U0(y)| ≤ C

 M
−2
i M
2
n−2
i (1 + |y|)
−1 if n = 6
M−2i M
2(n−6)
n−2
i (1 + |y|)
6−n if n ≥ 7.
Proof. Set
(5.16) Ai =

 M
−2
i M
2
n−2
i if n = 6
M−2i M
2(n−6)
n−2
i if n ≥ 7,
and define
wi(y) = A
−1
i (vi − U0)(y)
for |y| ≤ δM
pi−1
2
i . Then our previous proposition implies wi is uniformly
bounded. The equation satisfied is
Lhiwi + biwi = Q˜i(y),
where
bi(y) = Kf˜
−τi
i
vpii − U
pi
0
vi − U0
(y)
and
Q˜i(y) = A
−1
i {c(n)M
−(p−1)
i Rg(M
− p−1
2
i y)U0(y)
+M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2 +K(U
n+2
n−2
0 − f˜
−τi
i U
pi
0 )}.(5.17)
Then
|Q˜i(y)| ≤ cA
−1
i {M
− 8
n−2
i |y|
2(1 + |y|)2−n
+ M
−(1+N)
pi−1
2
i O(|y|
N )|y|(1 + |y|2)−
n
2
+ τi(| logU0|+ | log f˜i|)(1 + |y|)
−n−2}.(5.18)
The Green’s representation formula says that
(5.19)
wi(y) =
∫
Bi
Gi,L(y, η)(bi(η)wi(η)− Q˜i(η))dη −
∫
∂Bi
∂Gi,L
∂ν
(y, η)wi(η)ds,
where Bi stands for Bli(0) and Gi,L is the Green function of Lhi in Bi.
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Since |Gi,L(y, η)| ≤ C|y − η|
2−n, for |y| ≤ li2 , we get
(5.20) |wi(y)| ≤ c{(1 + |y|)
−1 + cM−2i A
−1
i } ≤ c(1 + |y|)
−1.
If n = 6 or 7 the result follows multiplying the inequality (5.20) by
Ai. If n ≥ 8 we plug the estimate (5.20) in the representation formula
(5.19) until we reach
|wi(y)| ≤ c(1 + |y|)
6−n.
Multiplying by Ai we get the result. q.e.d.
Remark 1: Once we have estimates (5.14), (5.15) on vi − U0, we
can also get:
(5.21)
|∇(vi − U0)(y)| ≤ C


M−2i (1 + |y|)
−1 if n = 4 or 5,
M−2i M
2
n−2
i (1 + |y|)
−2 if n = 6
M−2i M
2(n−6)
n−2
i (1 + |y|)
5−n if n ≥ 7
and
(5.22)
|∇2(vi − U0)(y)| ≤ C


M−2i (1 + |y|)
−2 if n = 4 or 5,
M−2i M
2
n−2
i (1 + |y|)
−3 if n = 6
M−2i M
2(n−6)
n−2
i (1 + |y|)
4−n if n ≥ 7.
Remark 2: If h is as in the Corollary 4.6, the estimates (5.14) and
(5.15) imply that:
(5.23) |h(x) − |x|2−n| ≤ C


1 if n = 4, 5,
|x|−1 if n = 6,
|x|6−n if n ≥ 7.
Since that gives the asymptotic behavior of the Green function of the
conformal Laplacian in conformal normal coordinates (see [7]), in some
sense our symmetry estimates cannot be improved.
6. Local blowup analysis
Now let us turn our attention to the applications of these symmetry
estimates.
In the first application, we will show that the Weyl tensor of the
metric has to vanish at an isolated simple blowup point, when n ≥ 6.
This result had been proposed by R. Schoen ([14]). This will allow us to
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use the Positive Mass Theorem in the proof of compactness of solutions
to the Yamabe problem, when the dimension is 6 or 7.
Theorem 6.1. Let ui be a sequence of positive functions satisfying
equation (4.1) and xi → x be an isolated simple blowup point. If n ≥ 6,
then
Wg(x) = 0.
Proof. We will use the Pohozaev identity (2.8) to ui in a ball of
radius r:
P (r, ui) =(6.1)
−
∫
|x|≤r
(xm∂mui +
n− 2
2
ui)((g
kl − δkl)∂klui + ∂kg
kl∂lui)dx
−c(n)
∫
|x|≤r
(
1
2
xk∂kR+R)u
2
i dx+ c(n)
r
2
∫
|x|=r
Ru2i dσr
+(
n
pi + 1
−
n− 2
2
)
∫
|x|≤r
Kf−τii u
pi+1
i dx
−
τi
pi + 1
∫
|x|≤r
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx.
Using conformal normal coordinates we can get rid of the terms involv-
ing |g|.
Recall
P (r, ui) =(6.2)∫
|x|=r
(
n− 2
2
ui
∂ui
∂r
−
r
2
|∇ui|
2 + r|
∂ui
∂r
|2 +
1
pi + 1
Kf−τii ru
pi+1
i )dσr.
Since we have thatMiui → h in the C
2 topology on compact subsets
of Bρ(x) \ {x}), we conclude
(6.3) M2i |P (r, ui)| ≤ c <∞.
The same holds for
(6.4) M2i |
∫
|x|=r
Ru2i dσ(r)| ≤ c <∞.
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The change of variables y =M
pi−1
2
i x yields
Ai(r) :=
M2i {−
∫
|x|≤r
(xm∂mui +
n− 2
2
ui)((g
kl − δkl)∂klui + ∂kg
kl∂lui)dx
−c(n)
∫
|x|≤r
(
1
2
xk∂kR+R)u
2
i dx}
= −M2i M
2+(2−n)
pi−1
2
i
∫
|y|≤rM
pi−1
2
i
{(ym∂mvi +
n− 2
2
vi)
((gkl − δkl)(M
−
pi−1
2
i y)∂klvi +M
−
pi−1
2
i ∂kg
kl(M
−
pi−1
2
i y)∂lvi)
+c(n)M
−(pi−1)
i (
1
2
yk∂kR(M
−
pi−1
2
i y) +R(M
−
pi−1
2
i y))v
2
i }dy.
Note that M
2+(2−n)
pi−1
2
i → 1. Define
Aˆi(r) =(6.5)
−M2i M
2+(2−n)
pi−1
2
i
∫
|y|≤rM
pi−1
2
i
{(ym∂mU0 +
n− 2
2
U0)
((gkl − δkl)(M
−
pi−1
2
i y)∂klU0 +M
−
pi−1
2
i ∂kg
kl(M
−
pi−1
2
i y)∂lU0)
+c(n)M
−(pi−1)
i (
1
2
yk∂kR(M
−
pi−1
2
i y) +R(M
−
pi−1
2
i y))U
2
0 }dy.
Then one can check
|Ai(r)− Aˆi(r)|(6.6)
≤ cM2i M
− 4
n−2
i
∫
|y|≤rM
pi−1
2
i
{|vi − U0|(y)(1 + |y|)
2−n
+|∇(vi − U0)|(1 + |y|)
3−n + |∇2(vi − U0)|(1 + |y|)
4−n}dy.
If n = 6, then
|Ai(r)− Aˆi(r)| ≤ cM
− 2
n−2
i
∫
|y|≤rM
pi−1
2
i
(1 + |y|)1−ndy.
When n ≥ 7,
|Ai(r)− Aˆi(r)| ≤ cM
− 4
n−2
i M
(n−6) 2
n−2
i
∫
|y|≤rM
pi−1
2
i
(1 + |y|)8−2ndy.
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Then
(6.7) |Ai(r)− Aˆi(r)| ≤


C if n = 6, 7,
C(logMi) if n = 8,
CM
(n−8) 2
n−2
i if n ≥ 9.
Also observe that if we choose r sufficiently small,
(
n
pi + 1
−
n− 2
2
)
∫
|x|≤r
Kupi+1i dx(6.8)
−
τi
pi + 1
∫
|x|≤r
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx ≥ 0,
so we obtain, from identity (6.1), estimates (6.3), (6.4), (6.7) and in-
equality (6.8) that
Aˆi(r) ≤


C if n = 6, 7,
C(logMi) if n = 8,
CM
(n−8) 2
n−2
i if n ≥ 9.
We will need the Taylor series, for each i,
R(x) = p2(x) + p3(x) + e(x)
(R+
1
2
xk∂kR)(x) = 2p2(x) +
5
2
p3(x) + e
′(x)
where pi is a homogeneous polynomial of degree i and |e(x)|, |e
′(x)| ≤
c|x|4.
Let us denote by
u˜i(x) =M
n−2
4
τi
i

 M−
pi−1
2
i
M
−(pi−1)
i + |x|
2


n−2
2
and it is not difficult to see that, changing variables, estimates on |vi −
U0| yield estimates on |ui − u˜i|.
Note that
M2i
∫
|x|≤r
(
1
2
xk∂ke+ e)u˜
2
i dx ≤


C if n = 6, 7,
C(logMi) if n = 8,
CM
(n−8) 2
n−2
i if n ≥ 9.
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Then, using symmetry of u˜i
−c(n)
∫
|x|≤r
2p2(x)(Miu˜i)
2dx ≤ c


C if n = 6, 7,
C(logMi) if n = 8,
CM
(n−8) 2
n−2
i if n ≥ 9.
But, on the other hand, since ∆R(0) = −16 |W (0)|
2 in conformal
normal coordinates, we obtain
−c(n)M2i
∫
|x|≤r
2p2(x)u˜
2
i dx ≥
 C|W (xi)|
2M2i M
−4 2
n−2
i (logMi) if n = 6,
C|W (xi)|
2M2i M
−4 2
n−2
i if n ≥ 7.
So
|Wgi(xi)|
2 ≤


c(logMi)
−1 if n = 6,
cM
− 2
n−2
i if n = 7,
cM
− 4
n−2
i (logMi) if n = 8,
cM
− 4
n−2
i if n ≥ 9.
And taking the limit we are done. q.e.d.
The next result concerns the local asymptotic analysis at a blowup
point. It will be used together with the Positive Mass Theorem to
exclude the possibility of blowup phenomenon on manifolds not confor-
mally diffeomorphic to the sphere.
Define
(6.9) P ′(r, v) =
∫
|x|=r
(
n− 2
2
v
∂v
∂ν
−
r
2
|∇v|2 + r|
∂v
∂ν
|2)dσ(r).
Theorem 6.2. Let ui be a sequence of positive functions satisfying
equation (4.1) and xi → x be an isolated simple blowup point. and
suppose 4 ≤ n ≤ 7. If ui(xi)ui → h away from the origin, then
lim inf
r→0
P ′(r, h) ≥ 0.
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Proof. That is another application of the Pohozaev identity (2.7)and
the symmetry estimates:
P (r, ui) = −
∫
|x|≤r
(xm∂mui +
n− 2
2
ui)(6.10)
((gkl − δkl)∂klui + ∂kg
kl∂lui − c(n)Rui)dx
+(
n
pi + 1
−
n− 2
2
)
∫
|x|≤r
Kf−τii u
pi+1
i dx
−
τi
pi + 1
∫
|x|≤r
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx.
Firstly observe that
M2i P (r, ui)→ P
′(r, h)
as i→∞.
Secondly, as in the previous result, if r is sufficiently small,
(
n
pi + 1
−
n− 2
2
)
∫
|x|≤r
Kf−τii u
pi+1
i dx
−
τi
pi + 1
∫
|x|≤r
Kf−τi−1i (x
m∂mfi)u
pi+1
i dx ≥ 0.(6.11)
If
Ai(r) :=M
2
i {−
∫
|x|≤r
(xm∂mui +
n− 2
2
ui)((g
kl − δkl)∂klui
+∂kg
kl∂lui − c(n)Rui)dx}(6.12)
and
Aˆi(r) :=M
2
i {−
∫
|x|≤r
(xm∂mu˜i +
n− 2
2
u˜i)((g
kl − δkl)∂klu˜i
+∂kg
kl∂lu˜i − c(n)Ru˜i)dx},(6.13)
then one can check
|Ai(r)− Aˆi(r)| ≤
{
cr2 if n = 4, 5,
cr if n = 6, 7.
So
lim inf
r→0
P ′(r, h) ≥(6.14)
c(n)M2i lim inf
r→0
∫
|x|≤r
(xm∂mu˜i +
n− 2
2
u˜i)Ru˜idx.
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If n = 4 or 5, since R = O(r2), this automatically gives
lim inf
r→0
P ′(r, h) ≥ 0.
If n = 6 or 7, the fact that R = O(r2) tells us that we only need to
consider the second order term in the expansion of R. We are using the
symmetry of u˜i to get rid of the third order term.
The change of variables y =M
pi−1
2
i x implies that
M2i
∫
|x|≤r
(xm∂mu˜i +
n− 2
2
u˜i)R,abx
axbu˜idx(6.15)
= (1 + o(1))M
2(n−6)
n−2
i
∫
|y|≤rM
pi−1
2
i
(ym∂mU0 +
n− 2
2
U0)R,aby
aybU0dy.
But ∫
|y|≤rM
pi−1
2
i
(ym∂mU0 +
n− 2
2
U0)R,aby
aybU0dy
=
∫ rM pi−12i
0
(r∂rU0 +
n− 2
2
U0)U0r
n+1∆R
n
σn−1dr
= −
1
6n
σn−1|W (0)|
2
∫ rM pi−12i
0
(r∂rU0 +
n− 2
2
U0)U0r
n+1dr
= −
1
6n
σn−1|W (0)|
2(−
n− 2
2
∫ rM pi−12i
0
rn+3
(1 + r2)n−1
dr
+
n− 2
2
∫ rM pi−12i
0
rn+1
(1 + r2)n−1
dr).(6.16)
When n = 6 and i is large, this last expression is nonnegative be-
cause the first integral diverges while the second one is finite. If n = 7
and i is large, again the expression is nonnegative since
(6.17)
∫ ∞
0
rn+3
(1 + r2)n−1
dr =
n+ 2
n− 6
∫ ∞
0
rn+1
(1 + r2)n−1
dr.
To see this, first observe that, if m + 1 < 2k, integration by parts
gives ∫ ∞
0
tm
(1 + t2)k
dt =
m− 1
2(k − 1)
∫ ∞
0
tm−2
(1 + t2)k−1
dt.
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Since ∫ ∞
0
tm−2
(1 + t2)k−1
dt =
∫ ∞
0
tm−2
(1 + t2)k
dt+
∫ ∞
0
tm
(1 + t2)k
dt,
one gets ∫ ∞
0
tm
(1 + t2)k
dt =
m− 1
2k −m− 1
∫ ∞
0
tm−2
(1 + t2)k
dt.
Just choose m = n+ 4 and k = n+ 1 to obtain (6.17).
The proof is finished by using the inequality (6.14). q.e.d.
7. Compactness theorem
In this section we will prove the a priori estimates for the Yamabe
problem in the non-locally conformally flat case, for 4 ≤ n ≤ 7.
The next Proposition is fundamental since it allows us to use the
symmetry estimates we proved before.
Proposition 7.1. Suppose the blowup xi → x is isolated, 4 ≤ n ≤ 7.
Then it is also isolated simple.
The proof of this statement is just as in [9], based on Proposition
6.2.
Once we have established Proposition 7.1, again following [9], we
have:
Theorem 7.2. Suppose ui ∈Mpi is a sequence satisfying maxM ui →
∞, as i → ∞. Then pi →
n+2
n−2 . Moreover, after passing to a subse-
quence,
(1) the set S = {blowup points of ui} is finite;
(2) every blowup point of ui is an isolated simple blowup point.
Now let us turn to the statement and proof of the compactness
theorem.
Theorem 7.3. Let (Mn, g) be a smooth closed Riemannian manifold
with positive Yamabe quotient, not conformally equivalent to (Sn, g0).
Assume 4 ≤ n ≤ 7. Then, for every ǫ > 0, there exists a positive
constant C = C(ǫ, g) so that{
1/C ≤ u ≤ C and
||u||C2,α(M) ≤ C
for every u ∈ ∪1+ǫ≤p≤n+2
n−2
Mp.
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Proof. Standard elliptic estimates and the Harnack inequality im-
ply that it suffices to estimate ||u||C0(M). Suppose, by contradiction,
that ∪1+ǫ≤p≤n+2
n−2
Mp is not bounded in C
0(M). This means that there
exist 1 + ǫ ≤ pi ≤
n+2
n−2 and ui ∈Mpi with
max
M
ui →∞ as i→∞.
From Theorem 7.2 we know that this is only possible if pi →
n+2
n−2 .
Now Theorem 7.2 implies that, after possibly passing to a subse-
quence, ui has N isolated simple blow-up points x
(1)
i → x
(1), . . . , x
(N)
i →
x(N), for some integer N.
Define wi(x) = ui(x
(1)
i )ui(x). We can suppose, for example, that
ui(x
(1)
i ) = min{ui(x
(1)
i ), . . . , ui(x
(N)
i )} for all i.
Proposition 4.5 then implies that there exists ρ, c > 0 such that
(7.1) wi(x) ≤ cd(x, x
(j)
i )
2−n when d(x, x
(j)
i ) ≤ ρ, 1 ≤ j ≤ N.
On the other hand, we know that the sequence ui is uniformly
bounded in M \ ∪j=Nj=1 B ρ4
(x(j)), since there is no blowup point in that
region. Then the Harnack inequality implies wi is uniformly bounded
in M \ ∪j=Nj=1 B ρ2
(x(j)). This and inequality (7.1) imply, after passing to
a subsequence,
ui(x
(1)
i )ui(x)→ h(x) =
N∑
j=1
ajGx(j)(x) + b(x)
in C2loc(M \ {x
(1), . . . , x(N)}), where a1, . . . , aN are nonnegative con-
stants, Gx(j) is the Green function of the conformal Laplacian with pole
at x(j) and b(x) is a regular C2 function satisfying Lg(b) = 0 in M. Note
that, since the first eigenvalue of the conformal Laplacian Lg is positive,
b ≡ 0.
Since the Green functions considered are positive and a1 > 0 because
of the Corollary 4.6, we obtain the following expansion ([7]) :
h(x) = ad(x, x(1))2−n +A+O(r), for 4 ≤ n ≤ 6
or
h(x) = ad(x, x(1))2−n − cR;ijxixjr
−3 +A+O(r), for n = 7.
The Positive Mass Theorem asserts that A > 0.
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We want to compute the limit
lim inf
r→0
P ′(r, h).
Since r2−n is harmonic, definition (6.9) gives
P ′(r, h) =
∫
|x|=r{−
(n−2)2
2 aAr
1−n +O(r2−n)}dσr.(7.2)
When n = 7, we use symmetry and the fact that ∆R(0) = −16 |W (0)|
2 =
0.
Then
lim inf
r→0
P ′(r, h) = −
(n− 2)2
2
aAσn−1 < 0,
by the Positive Mass Theorem.
This contradicts Theorem 6.2 and it finishes the proof.
q.e.d.
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